Abstract. A countable family {x j }, j ∈ J, in a separable Hilbert space H, is a Parseval frame for H if f 2 = j∈J | f, x j | 2 holds for all f ∈ H. In the case 
Introduction
A sequence {x n } in a Hilbert space H is called a frame for H if there exist constants C 1 , C 2 > 0 such that
In the case that C 1 = C 2 = C, {x n } is called a tight frame and the constant C is called the frame bound for {x n }. In particular, if C 1 = C 2 = 1, then {x n } is called a normalized tight frame, or a Parseval frame.
In this paper, we consider a special kind of Parseval frames for the space L 2 (R d ). A d × d matrix A is called an expansive matrix if all eigenvalues of A have modulus greater than one. In this paper, we will restrict ourselves to such expansive matrices. Let T , D A be the translation and dilation unitary operators acting on Let Ψ = {ψ 1 , ψ 2 , ..., ψ n } be a finite subset of L
(R d ). Ψ is called an A-dilation Parseval frame multiwavelet (of length n) if {D
In the case that n = 1, Ψ is called a single Parseval frame and the corresponding ψ 1 is called a Parseval frame wavelet.
A Parseval frame wavelet and multiwavelet system is a redundant wavelet system and has many desirable properties that are of interest in applications [1, 10, 11, 12, 13] . Much effort has been devoted the study of various aspects of multiwavelet systems. For a few examples of recent studies related to multiwavelets, see [16, 18, 19] .
In this paper, we are mainly concerned with another (rather theoretical) aspect of a multiwavelet system, namely the topological property of such a system. In particular, we are interested in the path-connectedness of the set of all (multi)wavelets in our study. The question concerning the path-connectedness of the set of all orthonormal wavelets was first raised in [7] . Similar questions were raised and studied in [2, 6, 22, 23, 24, 25] concerning the sets of all MRA-wavelets, tight frame wavelets, MRA tight frame wavelets and a special class of frame wavelets called selementary frame wavelets. In [22, 25] , it is shown that the set of all MRA-wavelets is path-connected. In [24] , it is shown that the set of all s-elementary orthonormal wavelets is path-connected. This result is extended to the set all s-elementary tight frame wavelets (with any given frame bound) in [2] . The proofs of these theorems were based on the complete characterizations of the corresponding wavelets. Interestingly, while the complete characterization of the s-elementary frame wavelets is still an open question, it has been shown that the set of s-elementary frame wavelets is path-connected as well [6] . These results all deal with the one dimensional case. In the higher dimensional case, the situation is complicated by the fact that various dilation matrices have to be considered. Nonetheless, the path-connectedness of the set of all MRA A-dilation wavelets has been established affirmatively for the special case that A has integer entries with | det(A)| = 2 [20, 21] .
Let Ψ = {ψ 1 , ψ 2 , ..., ψ m } be an A-dilation Parseval frame multiwavelet. We say that Ψ is s-elementary if there exists disjoint measurable sets 
.., ψ m } of length m, and that this cannot be done for any integer less than m. An A-dilation s-elementary Parseval frame multiwavelet with length m that is defined on a frame multiwavelet set of multiplicity m is said to be intrinsic.
We aim to prove the following two main results in this paper. First, we show that for any expansive d × d matrix A and any given integer m ≥ 1, there exists a frame multiwavelet set of multiplicity m. In other word, there exists intrinsic s-elementary Parseval frame multiwavelets of any given length m. Second, we will prove that the set of all A-dilation s-elementary Parseval frame multiwavelets with the same length m is path-connected (the same is true for the set of all intrinsic A-dilation s-elementary Parseval frame multiwavelets of length m for any given m).
We will introduce some basic definitions, terminologies in the next section, as well as some known and preliminary results needed later in the paper. In Section 3, we will prove the existence of intrinsic A-dilation s-elementary Parseval frame multiwavelets with any given length. In Section 4 we will prove that the set of all intrinsic A-dilation s-elementary Parseval frame multiwavelets with the same length is path-connected. In the last section, we generalize the concept of intrinsic A-dilation s-elementary Parseval frame multiwavelets to general A-dilation Parseval frame multiwavelets. However, the path-connectivity of the set of all intrinsic Adilation Parseval frame multiwavelets with the same length remains open at this time. 
Frame multiwavelet sets in
Two points x, y ∈ E are said to be translation equivalent if x − y = 2π for some ∈ Z d . The translation redundancy index of a point x in E is the number of elements in its equivalent class. We write E(τ, k) for the set of all points in E with translation redundancy index k. In general, E(τ, k) could be an empty set, a proper subset of E or the set E itself.
It can be shown that if E is a Lebesgue measurable set in
). This partition is not unique. If E is of finite measure, then it is rather obvious that E(τ, ∞) must have measure zero.
Similarly, two non-zero points x, y ∈ E are said to be A-dilation equivalent if y = A k x for some k ∈ Z. This is also an equivalence relation on E. The A-dilation redundancy index of a point x in E is the cardinality in its equivalence class. The set of all points in E with A-dilation redundancy index k is denoted by E(δ A , k).
The following characterization of an s-elementary Parseval frame multiwavelet is given in [14] .
elementary Parseval frame multiwavelet iff the following conditions hold (modulo measure zero sets):
is the transpose of A).
Proposition 2.1. Let E be a measurable set of finite measure. Then E is a frame multiwavelet set of multiplicity m if and only if the following conditions hold:
Proof. "=⇒" Assume that E is a frame multiwavelet set of multiplicity m, then (1) holds by definition. Let E 1 , E 2 , ..., E m be the sets that define the corresponding s-elementary Parseval frame multiwavelet Ψ = {ψ 1 , ψ, ..., ψ m }. By Lemma 2.1, E i = E i (τ, 1) for each i. Thus each point in a set E i can only be translation equivalent to at most one point in each E j where j = i. It follows that E(τ, n) is of measure zero for any n > m. If µ(E(τ, m)) = 0 then we must have µ(E(τ, k)) = 0 for some k < m. In that case we can partition
is an A-dilation s-elementary Parseval frame multiwavelet of length m. Now assume that this can be done for some integer 1 ≤ m 0 < m, that is, E can be partitioned into
. By Proposition 2.1, E is an intrinsic Parseval frame multiwavelet set of multiplicity 4. (In fact, it is an intrinsic orthonormal multiwavelet set of multiplicity 4.) One particular decomposition of E into Figure 1 . An A-dilation frame multiwavelet set that is not intrinsic.
The existence of intrinsic A-dilation s-elementary Parseval frame multiwavelets with any given length
We will need the following two lemmas in order to prove the existence of intrinsic A-dilation s-elementary Parseval frame multiwavelets with any given length. 
Since F is an open set, E contains interior points. Let x 0 be an interior point of E and consider a ball B of radius in R d centered at x 0 . Since x 0 is an interior point, B ⊆ E when is small enough. Let us fix such an . By Lemma 3.1, there exists an n that is large enough such that (A t ) n B contains a 2π-translation copy of D, hence m − 1 2π-translation copies of E (that are translation equivalent to each other). Denote these (equivalent) 2π-translation copies of E by E 2 , E 3 , ..., E m and m) is of positive measure and G(τ, p) = ∅ for any p > m. By Proposition 2.1, G is a frame multiwavelet set of multiplicity m. It follows that Ψ = {ψ 1 
Apply the same techniques from [9] , one can show that an A−dilation wavelet set E j exists in each Ω j (it is necessary that µ(E j ) = (2π) d for a wavelet set). Apparently the sets E j 's are disjoint so E = ∪ j E j satisfies all the desired conditions.
Path-connectivity of intrinsic
A-dilation s-elementary Parseval frame multiwavelets in L 2 (R d ) A set S ⊆ L 2 (R d )
is said to be path-connected under norm topology of L 2 (R d ) if for any two members f , g ∈ S, there exists a mapping γ : [0, 1] → S such that γ(t) is continuous (with respect to the norm topology of
k is said to be path-connected under the norm topology of ( 
Let us first consider the set of all A-dilation s-elementary Parseval frame multiwavelets of length m, not just the set of all intrinsic A-dilation s-elementary
Parseval frame multiwavelets of length m. In this case it is a littler easier to show that this set is path-connected. We first state the result as the following theorem.
Theorem 4.1. Let A be an expansive d × d matrix and m a fixed positive integer, then the set S m of all A-dilation s-elementary Parseval frame multiwavelets of length m is path-connected.
The proof of Theorem 4.1 relies on some results obtained in [4] . Let X be a closed subspace of We are now ready to give an outline of the proof of Theorem 4.1.
wavelet for X) if and only if E = E(δ
Proof. Let A be the given expansive matrix and let m be a fixed positive integer. By Remark 3.3, there exists a bounded open neighborhood F of the origin such that First let E = ∪ 1≤j≤m E j (which is a disjoint union by Lemma 2.1). By Lemma 2.1, we have E j = E j (τ, 1) for each j and E is an
Notice that we must have E = ∪ 1≤i≤m G i . Again by Lemmas 4.2 and 4.3, the closed subspace ) is an A-dilation s-elementary Parseval frame wavelet for X i for each t ∈ (0, 1). We will then define γ(t) = {γ 1 (t), γ 2 (t), ..., γ m (t)}. It is obvious that γ(t) is continuous in the norm topology of (L 2 (R d )) m and it is easy to verify that γ(t) is an A-dilation Parseval frame multiwavelet of length m for each t using Lemma 2.1 and the definition of each γ i . The details are left to the reader.
We have now shown that any A-dilation Parseval frame multiwavelet Ψ of length m is path-connected to an A-dilation Parseval frame multiwavelet Ψ of length m defined on m disjoint subsets G 1 , G 2 , ..., G m of E whose union is E. What remains to be shown is that Ψ can be connected to Ψ by a path using only A-dilation Parseval frame multiwavelets of length m defined on subsets of E (it is necessary that the union of these sets is always E).
. By this definition, we have E
i whenever t 1 < t 2 . Furthermore, it is obvious that E t i is continuous in t in terms of its Lebesgue measure.
is continuous in t in terms of its Lebesgue measure hence χ H t i is a continuous function in t. We will leave it to our reader to verify that the
is an A-dilation s-elementary Parseval multiwavelet of length m. By its definition, Ψ 0 is the A-dilation s-elementary Parseval multiwavelet defined on {E 1 , E 2 , ..., E m } and Ψ 1 is the A-dilation s-elementary Parseval multiwavelet  defined on {G 1 , G 2 , . .., G m }. The continuity of Ψ t follows from the continuity of each
Finally, let us consider path-connectedness of the set of all intrinsic A-dilation Parseval frame multiwavelets. 
} gives a partition of F (τ, m) into 2π-translation equivalent subsets. In general, one of these subsets may have a part that is also 2π-translation equivalent to a subset in E. Without loss of generality, let us assume that F (τ, m) ) ∩ E has a positive measure and let H 1 be the subset of
However, E no longer shares 2π-translation equivalent points with the H i 's. Step 3. Choose
Notice that by the construction of the E i 's (as shown in the proof of Theorem 3.4) and the choice of G, it is necessary that
. Now modify the set path defined in the last step as
We will leave the details for our reader to verify that the above set path is indeed continuous and satisfies all the conditions in Proposition 2.1 for each t.
Step 4. Let {E 1 , E 2 , ..., E m } be the sets obtained at the end of the last step.
, while keeping the sets G i 's fixed.
Step 5. Finally let I t 2 be a continuous set path such that I 
Some details are again left to our reader to verify.
Generalizations
The main point of this section is to discuss how to generalize the concept of intrinsic A-dilation s-elementary Parseval frame multiwavelets to all A-dilation Parseval frame multiwavelets. Notice that for any single A-dilation Parseval frame (i) For any 1 ≤ i < j ≤ p, if µ(E i ∩ E j ) > 0, then ψ i / ψ j cannot be a constant function (in the a.e. sense) on E i ∩ E j ; (ii) Let q be any positive integer that is less than p. Let {F 1j , F 2j , . .., F qj } be any partition of E j (F ij may be an empty set and 1 ≤ j ≤ p) such that µ(F ij ∩ F ij ) = 0 for any j = j , then Ψ = {ψ 1 , ψ 2 , · · · , ψ q } defined by ψ i = 1≤j≤p χ F ij ψ j is not an A-dilation Parseval frame multiwavelet.
We leave it to our reader to verify that an intrinsic s-elementary A-dilation Parseval frame multiwavelet as defined in Section 1 is also intrinsic under this more general definition (and vice versa). Thus, Theorem 3.4 also implies the following theorem. 
